This paper proposes a habit formation model that explains the failure of the expectations hypothesis documented by Campbell and Shiller (1991) and Fama and Bliss (1987) . The model also produces positive excess returns on long-term bonds, an upward sloping average yield curve, and allows for realistic levels of time-variation in the mean of consumption growth. The model generates a novel empirical prediction: Long lags of consumption growth predict the short-term interest rate with a negative sign. This prediction is shown to be strongly supported by the data.
Introduction
The expectations puzzle, documented by Campbell and Shiller (1991) and Fama and Bliss (1987) , has long been a challenge for general equilibrium models of the term structure. Backus, Gregory, and Zin (1989) show that a model assuming power utility preferences and time-varying expected consumption growth cannot account for this finding. Although Dai and Singleton (2001) show that a statistical model of the stochastic discount factor can fit the puzzle, this only raises the question of what economic mechanism is at work. This paper proposes a general equilibrium model that captures the empirical results of Campbell and Shiller (1991) and Fama and Bliss (1987) and links them to investor preferences and aggregate consumption. In particular, Campbell and Shiller run the regression 1 n ln P n t , and P n t is the price of a bond with maturity n. According to the expectations hypothesis, excess returns on bonds are unpredictable, and all the variation in yield spreads is due to variation in future short-term interest rates. In terms of the regression above, this means β n = 1 for all n. But Campbell and Shiller show, on the contrary, that β n is negative and decreasing in n. The model in this paper reproduces both of these findings.
1 The model also implies an upward sloping average yield curve and positive risk premia on bonds, both of which are found in the data. Two ingredients enable the model to capture these findings. The first is external habit persistence from Campbell and Cochrane (1999) . Habit persistence generates time variation in investor preferences. After periods of unusually low consumption growth, the volatility of investors' marginal utility rises, causing them to demand greater premia on risky assets. As a result, the risk premium on the aggregate stock market varies in a countercyclical fashion.
1 There are a number of econometric difficulties with this regression. Non-exogenous regressors bias the coefficients upward, causing the hypothesis to be rejected less strongly than it should be (Stambaugh (1999) ), while Peso problems (Bekaert, Hodrick, and Marshall (2001) ) result in increased dispersion of the estimates, leading to the model to be rejected too strongly. argue that standard tests tend to reject the null of the expectations hypothesis even when it is true. They find, however, that the data remain inconsistent with the expectations hypothesis, even after adjusting for small-sample properties. Given that the expectations puzzle survives more rigorous statistical analysis, it makes sense to seek a general equilibrium explanation.
Habit utility preferences are clearly not enough: In the model of Campbell and Cochrane (1999) , the riskfree rate is constant and the term structure is trivial. The second ingredient is thus a model for the short-term interest rate that makes long-term bonds risky in the first place. Without this ingredient, it is impossible for long-term bonds to have positive, countercyclical risk premia.
In this paper, the short-term interest rate is driven by two factors. The first is expected future consumption growth. When expected consumption growth is high investors borrow against it, thus driving up the interest rate. As shown below, aggregate consumption data provides support for time-varying consumption growth of the type assumed in the model. The second factor is past consumption growth. The model in this paper implies that when past consumption growth is relatively low, investors borrow to give habit a chance to catch up to consumption. The hypothesis is that past consumption growth predicts the short-term interest rate with a negative sign. This hypothesis is confirmed using consumption and interest rate data. It turns out that a long-run moving average of past consumption growth indeed predicts the interest rate with a negative sign. This empirical finding is of interest outside of the context of habit formation; it has the ability to constrain any general equilibrium model that speaks to the relationship between consumption and interest rates.
Besides the empirical literature on the expectations hypothesis, this paper draws on the theoretical habit formation literature (e.g., Abel (1990) , Chapman (1998) , Constantinides (1990) , Dybvig (1995) , Heaton (1995) , and Sundaresan (1989) ). Constantinides (1990) and Sundaresan (1989) show that habit formation models can be used to explain a high equity premium with low values of risk aversion. Like these models, the model proposed here assumes that the agent evaluates today's consumption relative to a reference point that increases with past consumption. Following Campbell and Cochrane (1999) , this paper departs from earlier work by assuming that habit is external to the agent, namely that the agent does not take into account future habit when deciding on today's consumption. Abel (1990) also assumes external habit formation, but in his specification, agents care about the ratio of consumption to habit, rather than the difference. As a result, risk aversion is constant and risk premia do not vary through time.
2 Motivated 2 Lately there has been increased interest in the empirical properties of habit formation models. Dai (2000) links the Constantinides model to a model for labor income. Brandt and Wang (2001) study habit preferences over inflation. Menzly, Santos, and Veronesi (2001) use a variant of the Campbell and Cochrane model to explain returns on industry portfolios.
by habit formation models, Li (2001) examines the ability of past consumption growth to predict excess returns on stocks. However, Li does not look at the predictive ability of consumption for short or long-term interest rates, nor does he consider the implications for habit formation for the expectations hypothesis. An intriguing feature of the model in this paper is the link it produces between asset returns and underlying macroeconomic variables. The price-dividend ratio is procyclical and captures past consumption growth. The yield spread is countercyclical and depends both on past consumption growth and on the long-term consumption trend. Besides its success in matching moments of the data, the model makes progress in linking return characteristics with features of the macroeconomy. Moreover, the model preserves the advantages of the original Campbell and Cochrane (1999) framework. It successfully captures the high equity premium for the aggregate market, excess volatility, and predictability of excess stock returns.
The outline of the paper is as follows. Section 1 describes the model, which generalizes that of Campbell and Cochrane (1999) to account for both time-variation in expected consumption growth, and predictability of interest rates by past consumption growth. Section 2 estimates the model from consumption and interest rate data. An unrestricted regression finds that past consumption growth predicts the interest rate with a negative sign. Then the primitive parameters are estimated taking into account the restrictions imposed by the model using the generalized method of moments technique of Hansen and Singleton (1982) . The data fails to reject the over-identifying restrictions. Section 3 illustrates, through simulated data, the implications of the model for long-term bonds.
Habit Formation
This section describes the model assumed in this paper. Sections 1.1 and 1.2 describe the assumptions for endowments and preferences. Section 1.3 derives equations for pricing long-term bonds and the aggregate market. Section 1.4 relates the model to reduced-form models for the term structure.
Endowments
Assume that the consumption growth evolves according to:
(1)
This specification was introduced in Campbell (1999) . It is particularly convenient, because it leads to a two-factor model for the interest rate, for which z t is one of the factors. It nests a number of models that are considered recently: the ARMA model for dividend growth considered by Bansal and Yaron (2000) , and the AR(1) considered by Bekaert and Grenadier (2001) . In addition, it is related to the Markov switching models of Cecceti, Lam, and Mark (1990, 1993) , Kandel and Stambaugh (1991), and Whitelaw (2000) .
It is important to note that time-varying consumption growth plays a very different role in this paper than in the papers described above. Traditionally, time-varying consumption growth has been used to generate predictability in asset returns. That is not its role here. On the contrary, as will be shown later, time-varying consumption growth moderates predictability introduced by habit formation, it does not generate it.
Preferences
Assume that an investor has utility over consumption relative to a reference point X t :
Habit, X t , is defined indirectly, through surplus consumption S t , where
To ensure that X t never falls below C t , s t = ln S t is modeled:
The process for s t is heteroscedastic, and perfectly correlated with innovations in consumption growth. The sensitivity function λ(s t ) will be described below.
The investor's habit is external : the investor does not take into account the effect that today's consumption decisions have on X t in the future.
3 Because habit is external, the investor's intertemporal marginal rate of substitution is given by:
From the Euler equation, it follows that the riskfree rate equals
where z t = E t (c t+1 ) from the previous section. This riskfree rate has some familiar terms from the power utility case and others that are new to habit formation. As in the power utility model, positive expected consumption growth leads investors to borrow from the future to smooth consumption. This is reflected in the term γz t (however, γ is not equal to risk aversion as it is under power utility). The second term, proportional tos − s t , implies that as surplus consumption falls relative to its long-term mean, investors borrow more. This is due to the mean-reverting nature of surplus consumption: investors borrow against future periods when habit has had time to adjust and surplus consumption is higher. The last term reflects precautionary savings. A higher λ(s t ) implies that surplus consumption, and therefore marginal utility, is more volatile. Investors increase saving, and r f falls.
The function λ(s t ) is chosen so that the intertemporal substitution and the precautionary savings effect offset each other. The net effect of s t on the riskfree rate can then be calibrated to the data. For simplicity, λ(s t ) is further restricted so that r f t+1 is linear in s t . In addition, λ(s t ) is chosen so that for s t ≈s and z t ≈ g, habit, x t is a deterministic function of past consumption. These considerations imply that
More details can be found in Appendix B.
4 Substituting these equations into (6) reduces the riskfree rate equation to
where b is a free preference parameter that will be estimated from the data, andr f equals the unconditional mean of r f t+1 . The parameter b has an economic interpretation that stems from (6). If b > 0, the intertemporal smoothing effect wins out, and an increase in surplus consumption s t drives down the interest rate. If b < 0, the precautionary savings effect wins out. An increase in surplus consumption s t decreases the sensitivity λ(s t ) and drives down the interest rate. Moreover, b has an empirical interpretation. It follows from (4) that
where λ(s) = 1/S − 1. 5 Thus the parameter b can be estimated using consumption and interest rate data. The model examined by Campbell and Cochrane (1999) is a special case of the model described above. Campbell and Cochrane assume that consumption growth has a constant mean. In addition they choose λ(s t ) so that the riskfree rate is constant in s t (the intertemporal smoothing and precautionary savings effects exactly cancel out). The Campbell and Cochrane model can be obtained from the equations above by setting z t = g, and b = 0.
6 While these choices simplify the model, they are not supported by the data. In contrast, this paper allows z t to vary, and b to be nonzero. Both effects are estimated from the data and found to be statistically significant. 
Solving forward produces the equation in the text. 6 Campbell and Cochrane (1999) suggest how to introduce s t into the riskfree rate. But they do not develop the implications of this alternative model.
While the functional form of λ(s t ) is chosen to match the behavior of the riskfree rate, it has important implication for returns on risky assets. It follows from the investor's Euler equation that
where R t+1 is the return on some risky asset. As a consequence
which follows from the lognormality of M t+1 conditional on time-t information. Because λ(s t ) is decreasing in s t , the ratio of the volatility of the stochastic discount factor to its mean varies countercyclically. This provides a mechanism by which Sharpe ratios, and hence risk premia, vary countercyclically over time.
In the model of Campbell and Cochrane (1999) , the mechanism in (9) does not create time-varying risk premia on bonds for the simple reason that bond returns are constant, and equal to the riskfree rate at all maturities. In terms of (9), the Campbell and Cochrane model implies that ρ t (M t+1 , R t+1 ) = 0, when R t+1 is the return on a bond. However, the model in this paper generates a time-varying riskfree rate. Therefore ρ t (M t+1 , R t+1 ) is nonzero, and (9) provides a mechanism for risk premia on bonds, as well as risk premia on stocks, to vary through time. Of course, this observation alone does not solve the expectations puzzle. The sign of bond premia, and the magnitude of time-variation will depend on the results of the parameter estimation in Section 2.
Model Solution
This section calculates the prices of long-term bonds and stocks. Techniques from affine bond pricing are combined with numerical methods to produce a solution technique that is efficient and flexible.
Bond Prices
The bonds in this model are all real; they pay off in future units of the consumption good. Let P n t denote the price, at time t, of a bond maturing in n periods. The return from holding the bond between t and t + 1 is denoted R n t+1 and is given by
The log yield to maturity is defined as
Note that y
. The investor's Euler equation recursively determines bond prices:
When n = 0, the bond is worth one unit of the consumption good. This implies the boundary condition
The distribution of S t+1 /S t and C t+1 /C t at time t depend only on the state variables s t and z t . It follows recursively from (10) that bond prices also are functions of s t and z t . In principle, (10) can be solved by numerical integration. For this problem, numerical integration is much superior to calculating the expectation by Monte Carlo. In this model, prices of assets are very sensitive to the probabilities of rare events, making simulation unreliable. While straightforward in principle, solving (10) via numerical integration is complicated by the fact that there are two state variables. Fortunately a simple trick can be used to reduce computation time back to what it would be for a single state variable. Using the law of iterated expectations, and conditioning on realizations of the shock v t+1 it can be shown that bond prices must take the form
for functions G and F . Further, G has a closed form solution:
The function F (s t , n) is determined by one-dimensional numerical integration:
with boundary condition F (s t , 0) = 1. Details can be found in Appendix C. Besides reducing computation time, these formulas can be used to gain insight into the workings of the model. From these formulas, it follows that yields equal
while bond returns are given by
It follows from (14) that when ρ = 0 and
. The reason is that, for all n, F (s t+1 , n) is the same constant multiple of F (s t , n − 1).
7 Even though interest rates vary, bonds have zero risk premia. While this may seem surprising, the economic intuition follows from rewriting the investor's Euler equation:
When ρ = 0 and b = 0, r f t+n does not covary M t+1 . Therefore bond returns R n t+1 , which depend on future interest rates, do not covary either. Thus when ρ = 0 and b = 0 bonds are not risky from the point of view of investors.
Aggregate Wealth
In this economy, the market portfolio is equivalent to aggregate wealth, and the dividend equals aggregate consumption. The price-consumption ratio and the return on the market can be calculated using methods similar to those above, with a small but important modification.
Analogously to the previous section, let P n e,t denote the price of an asset that pays the endowment C t+n in n periods. The e subscript denotes equity. Because these assets 7 When ρ = 0, the term multiplying F (s t+1 , n − 1) in (12) is a constant in n. Because the riskfree rate does not depend on s t when b = 0, this term must be a constant, and in fact equals e −γ(1−φ)/2 .
pay no coupons, they have the same recursive pricing relation as bonds (10). Of course the prices are different, and this is because there is a different boundary condition:
Unlike the case for bonds, P n e,t is not simply a function of s t and z t . It is a function of consumption C t as well. To avoid introducing an additional variable into the problem, the equations for equity are rewritten in terms of price-consumption ratios, rather than simply prices.
P n e,t
with boundary condition
e,t Ct = 1. Now the problem is truly analogous to that of the previous section. Appendix C describes the functions corresponding to F , G, A and B in the previous section.
Finally, the price-consumption ratio of the market equals the sum of the priceconsumption ratio on these zero-coupon securities:
This way of calculating the price-consumption ratio is equivalent to the more traditional fixed-point method used by Campbell and Cochrane (1999) . In this endowment economy, (17) also represents the price-dividend ratio.
Relation to affine models
The sections above described the habit formation model in terms of consumption and preferences. A mathematically equivalent way to describe the model is in terms of the stochastic discount factor M t . It makes sense to ask how the model for the stochastic discount factor relates to others in the literature. One of the state variables, z t , follows a Gaussian process as in Vasicek (1977) , while s t follows a the process given for the short-rate in Cox, Ingersoll, and Ross (1985) . It is instructive to compare the model to the affine class of Dai and Singleton (2000) and Duffie and Kan (1996) , defined by multivariate extensions of the Vasicek and Cox-Ingersoll-Ross models.
In fact, the model is affine in z t but not in s t . On one level, this is apparent from the formulas for yields, (13), which shows that yields are nonlinear in s t . This non-linearity is not an artifact of the choice of discrete time. Rather, it is fundamental to the assumptions on consumption and preferences.
To see why, consider the equation for the price of a two-year bond. For simplicity consider the case where z t ≡ g, so that there is no second factor. Then
Recall that
Here, the volatility of the stochastic discount factor is not proportional to the volatility of the riskfree rate, so the square root does not disappear as in Cox, Ingersoll, and Ross (1985) . The reason is that the riskfree rate is a linear function of s t , while the log stochastic discount factor is a linear function of s t and c t . For the model to be affine, the volatility of consumption growth would have to be proportional to the volatility of s t . This is a very strong assumption, and it seems worth accepting non-linearity to avoid it, particularly because the model remains tractable.
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To summarize, the model in this paper differs from affine models on several levels. First, because the model starts with preferences and consumption, it generates testable implications about the relationship of consumption growth and asset returns. These implications are investigated in the next section. Second, the model implies a different pricing kernel. If viewed as a reduced-form model for the term structure and fitted to return data, the implications will be different than those of affine models. Finally, the results of the model can be interpreted in terms of the preferences and endowments of a representative agent, and thus can be described in economic terms.
Estimation
The model in Section 1 suggests a relation between consumption growth and interest rates that has not previously been investigated. Surplus consumption approximates a long-run moving average of past consumption growth. Thus, the model in this paper allows long-run average consumption growth to predict the interest rate. The question is therefore whether long-run consumption growth predicts the interest rate, and, if so, with what sign.
This question is of interest for several reasons. First, this parameter is key to determining the characteristics of the term structure.
9 Second, the relation between past consumption growth and the interest rate is of interest in its own right. Given the importance of consumption growth and the riskfree rate to asset pricing, this result is suggestive of a new restriction on asset pricing models. Section 2.1 demonstrates that past consumption growth does indeed predict the interest rate, as conjectured in Section 1. Section 2.2 assumes the functional form given by the model. The primitive parameters are estimated using the generalized method of moments approach of Hansen and Singleton (1982) . These parameter values are taken as a starting point for the simulations in Section 3.
Does long-run consumption growth predict the interest rate?
As shown in Section 1.2, the model implies that
where z t = E t (∆c t+1 ) and
for s t ≈s and z t ≈ g. Thus the model suggests regressing a measure of the short-term interest rate on long lags of past consumption growth. 10 In Section 2.2, expected future consumption growth is included in the regression using instrumental variables. In order to investigate the connection between past consumption growth and the interest rate, returns on the 90-day Treasury Bill (from CRSP) are regressed on a weighted average of past consumption growth. Both variables are inflation-adjusted. The weighted average is constructed by taking the previous 40 quarters (ten years) of consumption 9 It is possible to generate an interesting term structure purely from time-variation in expected consumption growth. This is the approach taken in Wachter (2000) . However, the evidence suggests that surplus consumption does indeed influence the interest rate.
10 Short-run lags of consumption growth do not appear to be statistically significant in predicting the interest rate. Choosing 40 lags of consumption growth has the effect of reducing the length of the sample by 10 years, so that 1957 is the starting year, rather than 1947. Table 2 presents summary statistics for consumption growth for this sample period. To summarize, the regression is given by
where r f t+1 denotes the rate of return between time t and t + 1. The weighted average starts with consumption in the quarter preceding the interest rate in order to avoid the effects of time-averaged consumption data. This choice has no impact on the results. Table 1 reports the results of this regression for values of φ ranging from 0.5 to 0.99. The coefficient on the weighted average of consumption growth (β) is negative for all values of φ. Furthermore, both the significance and the R 2 rise substantially as φ rises.
At φ = 0.99, β is significant at the 0.01 level, and variation in expected consumption growth accounts for 19% of the variation in the interest rate. The higher the value of φ, the greater weight placed on earlier consumption growth. Table 1 shows that a long-run weighted average of past consumption growth is necessary to predict the interest rate. φ j ∆c t−j ), the log price-dividend ratio (from CRSP), and the log 90-day Treasury-Bill rate. So that the persistence of past consumption growth matches that of the price-dividend ratio, φ = 0.96. 11 The negative relationship between past consumption and the interest rate is apparent throughout the sample period. Moreover, past consumption has a surprising ability to explain both short and long-term fluctuations in the interest rate. Figure 1 also reveals that changes in average past consumption growth mirror changes in the price-dividend ratio. As will be clear from the analysis below, the relation between past consumption growth and asset prices provides direct support for the assumptions behind the habit formation model. 
Generalized Method of Moments Estimation
This section estimates the primitive parameters of the model using consumption and interest-rate data. From the equations for consumption growth (1) and the riskfree rate (7), it follows that the latent variable z t can be expressed in terms of s t and r f t+1 :
Substituting in for z t in (1) produces the the system of equations:
Equation (20) nests equations long important to empirical asset pricing. When s t is constant (equivalently, when investors have power utility preferences), this equation reduces to the equation considered by Hansen and Singleton (1982) . This, and many subsequent studies have failed to find a significant relationship between consumption growth and interest rates. The model in this paper suggests a testable modification to the traditional model, namely adding surplus consumption as a right hand side variable. Equation (21) indicates that the assumptions on the process for the latent variable z t imply a process for the riskfree rate. The equation is written in terms of the riskfree rate at t + 1 and t + 2 in order to estimate the covariance matrix for the two-equation system.
Equations (20) and (21) are estimated using the generalized method of moments, with twice-lagged values of consumption growth, the 90-day Treasury Bill return, and the price-dividend ratio as instruments. As usual, instrumental variables are necessary because r f t+1 is measured with noise due to inflation. Along with a vector of ones to estimate g andr f , the four instruments mentioned above imply a total of eight moment Generalized method of moments estimation of (20) and (21) conditions. The errors of (20) and (21) imply three additional moment conditions. The resulting moment conditions are nonlinear functions of the underlying parameters g,r f , b, ψ, φ, ρ, σ u , and σ v (note thatS can be expressed in terms of these parameters).
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Because γ is difficult to estimate, b/γ is estimated, rather than b directly. This is not a problem: from (7) either b or b/γ could be interpreted as the more primitive parameter. As in the previous section, the long-run weighted average of past consumption growth given in (18) proxies for s t . Because the proxy for s t is itself a function of φ, the system is highly nonlinear. To make the estimation more stable in φ, the autocorrelation of the price-dividend ratio is added as an additional moment condition. Even though the price-dividend ratio, could, in principle, be a function of all the underlying parameters in the economy, the simulation results from the next section show that its first-order autocorrelation is identically equal to φ. The resulting system has a total of twelve moment conditions to estimate nine parameters.
The results of the GMM estimation are reported in Table 3 . The results confirm those found in the previous section. First, b/γ is significantly different from zero. Economically, this means that the intertemporal substitution effect from habit dominates the precautionary savings effect, also arising from habit. Table 3 shows that ψ is relatively high and σ u is much lower than σ v . Because there are 12 moment conditions and 9 unknowns, the J-statistic has a χ 2 (3) distribution under the null of a perfect fit. The p-value for this statistic is calculated to be 0.16, so the model is not rejected. As is well known, estimating the system described above is equivalent to estimating the system where (20) is rearranged so that consumption growth is on the left hand side and interest rates on the right:
The estimation that replaces (20) with (22) is believed to be less reliable because consumption growth is not highly correlated with the twice-lagged instruments. It turns out that replacing (20) by (22) results in larger standard errors, but similar point estimates.
Most importantly, the parameter b retains its significance. Even controlling for expected future consumption growth, past consumption growth predicts the interest rate. The results demonstrate that the model provides a good fit to consumption and interest rate data. A separate question of interest is whether the process assumed for the aggregate endowment fits consumption data alone.
13 Appendix A estimates the process given in (1) using maximum likelihood. Conditional on consumption data, the process is equivalent to an ARMA(1,1). The results in Appendix A show that the nested alternative of an AR(1), and an i.i.d. model are strongly rejected.
14 13 It would not be possible to fit the entire model to consumption data. There would be no way to estimate the coefficient b. 14 The interpretation of the results in Appendix A is complicated by known difficulties with consumption data. Christiano, Eichenbaum, and Marshall (1991) shows that time-averaging could bias correlations upward. Heaton (1993) shows that durability biases correlations downward. Ferson and Harvey (1992) ) show that seasonal adjustment, like time-averaging, could introduce spurious positive correlation. While accounting simultaneously for all of these biases is beyond the scope of this paper, the results in Appendix A show, at the least, that the correlation cannot result from time-averaging alone.
Implications for Asset Returns
This section describes the implications of the model for returns on bonds and stocks. Section 3.1 characterizes the price-dividend ratio, the yield spread, and yields themselves as functions of the underlying state variables s t and z t . Sections 3.2-3.4 evaluate the model by simulating 100,000 quarters of returns on bonds and stocks. Besides fitting stylized facts about the aggregate market and the riskfree rate, the model is shown to produce positive risk premia on bonds, an upward sloping yield curve. Lastly, the model is shown to replicate the empirical results of Campbell and Shiller (1991) , known as the expectations puzzle. The parameter estimates from Table 3 are used as a starting point for the analysis. A difficulty with simply using the results in Table 3 is the noise in the estimate of γ. In the simulations that follow, γ is not set equal to its point estimate, but rather to the value that allows the model to match the unconditional Sharpe ratio in the data, supposing the other parameters are as stated in Table 3 . This results in a value of 1.1 for γ, substantially lower than the point estimate, but well within one standard error. To get a sense of the range of possible results, the model is simulated not only at the point estimates, but at the point estimates with b plus or minus one standard error, and the point estimates with ρ plus or minus one standard error. Varying σ u and ψ have similar effects to varying ρ, and the remaining parameters are estimated fairly precisely. Thus varying b and ρ gives a good sense of the range of possible values, as well as intuition for the source of the effects. Figure 2 plots the price-consumption ratio and the yield spread on a ten-year zerocoupon bond as a function of s t , for z t equal to its unconditional mean g, g plus one standard deviation, and g minus one standard deviation. Figure 2 demonstrates that the price-dividend ratio is increasing in s t . The price-dividend ratio is often taken to be a measure of the business cycle (e.g. Lettau and Ludvingson (2001) ), so this confirms the intuition that s t is a procyclical variable. Figure 2 also shows that the yield spread is a countercyclical variable, just as in the data (e.g. Fama and French (1989) ). Both the price-dividend ratio and the yield spread are decreasing in expected consumption growth z t . While shocks to expected cash flows increase the price-dividend ratio, shocks to the riskfree rate decrease it. Because γ > 1, the latter effect dominates. Figure 2: The Price-Dividend Ratio and the Yield Spread. This figure plots the price-dividend ratio and the yield spread as functions of S t , for z t at and one standard deviation above and below its long-run mean. The price-dividend ratio is the ratio of aggregate wealth to aggregate consumption. The yield spread is the difference between the log yield on a 10-year zero-coupon bond and on a bond maturing in one quarter. The standard deviation sd = Figure 3: Bond yields This figure plots the yield levels as functions of S t , for z t at and one standard deviation above and below its long-run mean. y n is the yield on a 10-year zero-coupon bond; y 1 is the yield on a bond maturing in one quarter. The standard
Characterizing the Solution
Figure 2 also demonstrates that, at the parameter values of interest, the price-dividend ratio barely depends on z t at all. The yield spread, by contrast, depends on both z t and s t . Figure 3 illustrates how yield levels vary as functions of s and z. Both long and shortterm yields decrease with s and increase with z, but, long yields are much less sensitive to z than short yields, while short yields are much less sensitive to s. These figures show that the price-dividend ratio and the yield spread do indeed represent two different factors in the economy. During recessions, i.e. times of low s t , both factors depend almost exclusively on s t , and are more highly correlated. During booms, variation in expected consumption growth z t becomes more important.
Aggregate wealth and the riskfree rate
To evaluate the predictions of the model for asset returns, 100,000 quarters of data are simulated. Prices and returns are calculated numerically, using the method described in the previous section. The values of the parameters come from Table 3 , with γ = 1.1 to match the Sharpe ratio. As explained above, the model is simulated not only at the point estimates, but at the point estimates with b plus or minus one standard error, and the point estimates with ρ plus or minus one standard error.
The implications of this model for equity returns are very similar to that of Campbell and Cochrane (1999) . As Table 4 shows, the model provides a remarkably good fit to the mean and standard deviation of stock returns. This is not a mechanical feature of the model: γ was chosen to match ratio of the mean to the standard deviation, not the individual levels. Thus the model can fit the equity premium puzzle of Mehra and Prescott (1985) . The high volatility of the price-dividend ratio, as well as stock returns demonstrates that the model fits the volatility puzzle described by Shiller (1981) . Stock returns and price-dividend ratios are highly volatile even though the dividend process is calibrated to the extremely smooth postwar consumption data. In addition, pricedividend ratios have the ability to predict excess returns on equities, just as the data would suggest. Table 4 also shows the model matches the mean and provides a realistic standard deviation for the riskfree rate. Thus the model resolves the riskfree rate puzzle of Weil (1989) . The low mean and volatility of interest rates follows from the fact that the γ required to fit the Sharpe ratio is very low, unlike in the traditional power utility model. The volatility of the riskfree rate is almost always lower than that found in the data, a positive feature because the interest rate in the data are measured with inflationary noise. All other parameters are as in Table 3 . Given that the consequences for equity returns are so similar to those of Campbell and Cochrane (1999) , the sections that follow focus on the properties of bond returns. These sections demonstrate the model's ability to explain features of the bond data.
Risk Premia on Bonds
Tables 5 and 6 demonstrate that bonds have positive risk premia and that the average yield curve is upward sloping. For all parameter values, expected excess returns and yield spreads are positive and increase with maturity.
The magnitudes of the unconditional moments vary widely across parameter values, despite the fact that the parameters are only adjusted by a standard error. Recall from Section 1.2 that the riskfree rate is given by
As Table 5 shows, the higher the value of b, the greater the slope of the yield curve, and the higher expected returns. Increasing b also increases the variance of returns, though the variance of yields remains roughly constant. Increasing ρ, the correlation between shocks to z t and to ∆c t , has the opposite effect. Higher values of ρ lead to lower expected excess returns and lower yield spreads. Comparisons with bond moments from the data can be misleading because the bonds in this model are real, while those in the data are nominal. An informal comparison with the data (e.g. the nominal bond moments in Campbell and Viceira (2001) ) suggests that expected returns and yields increase faster than the analogous moments from the data. However, this effect can be mitigated by increasing ρ and decreasing b.
The mechanism behind the effects of changing the parameter values can be understood in terms of the covariance form of the investor's Euler equation:
.,
where R n t+1 is the return on a bond maturing in n periods. Increasing b means that interest rates covary more with s t . Because bond returns move in the opposite direction to interest rates, the higher b, the greater the positive covariance of bonds with s t . This means that bonds have high returns in good times and poor returns in bad. Investors demand more of a risk premium to hold them. On the other hand, raising ρ increases the hedging feature of bonds. The higher ρ, the greater the covariance of interest rates with Means and standard deviations for excess holding period returns on bonds in simulated data.
Statistics are in annualized percentages; maturity is reported in quarters. Curvature γ = 1.1.
The first panel varies b plus and minus one standard error, while the second panel varies ρ plus and minus one standard error. All other parameters are as in Table 3 . consumption growth, and the lower the covariance of bond returns with consumption growth. This makes bonds less risky than they would be in a model driven by s t alone, and decreases the risk premium. The previous discussion shows that interest rate risk leads bonds to have a positive risk premium. Because of this positive risk premium, there is a feedback effect that further raises the risk, and therefore, the premium on bonds. As shown below, risk premia on bonds vary. Variation in the risk premium itself induces price fluctuations, much like "excess volatility" in the stock market. This excess volatility makes expected returns on bonds larger than they otherwise would be.
This second effect helps in understanding why bonds command risk premia at all. After all, these bonds pay off a fixed amount. Why is it that investors simply do not wait Means and standard deviations for the yield spread on long-term bonds in simulated data.
The first panel varies b plus and minus one standard error while the second panel varies ρ plus and minus one standard error. All other parameters are as in Table 3 . until maturity to sell the bond, when the return is fixed? Consistent with this intuition, the power utility model of Backus, Gregory, and Zin (1989) implies that bonds have negative excess returns that are very small in magnitude. In this model, by contrast, bonds are risky because their prices fall during periods of low surplus consumption, namely during recessions. These are the times when investor's marginal utility is the highest, and when, as a result, they most want to increase their consumption. Long-term bonds command a premium not only because of their dependence on the time-varying riskfree rate, but because they do badly in recessions. Each column reports the coefficient β n from the regression
using simulated quarterly data. Curvature γ = 1.1. The first panel varies b plus and minus one standard error while the second panel varies ρ plus and minus one standard error. All other parameters are as in Table 3 . Each column reports the coefficient β n from the regression Table 3 . 
Time-Variation in Risk Premia
The previous section pointed to time-variation in the risk premium as a source of variation for long-bond prices. This section shows that risk premia are indeed time-varying, and explains why. Table 7 shows the outcome of regressions
These "long-rate" regressions are performed by Campbell and Shiller (1991) , to test the hypothesis of constant risk premia on bonds, also known as the generalized expectations hypothesis. If risk premia are constant, β should be equal to one. Instead, Campbell and Shiller find a coefficient that is negative at all maturities, and significantly different from one. Moreover, the higher the maturity, the lower β n . Table 7 demonstrates that this model replicates the result of Campbell and Shiller (1991) for the entire range of parameter values. At all maturities, the coefficient on the yield spread is less than one, and for maturities greater than one year the coefficient is negative. The coefficient decreases with maturity, just as in the data.
Campbell and Shiller also perform the following "short-rate" regression:
The expectations hypothesis predicts that β n = 1. Campbell and Shiller find that β n is positive but significantly less than one. Table 8 shows that the model also replicates this result for all parameter values. Why drives the model's success at replicating these empirical findings? The condition β = 1 in both regressions is equivalent to the statement that excess returns on long-term bonds are predictable. It follows from the definition of yields and returns that
Rearranging, and taking expectations:
Thus the coefficient of a regression of changes in yields on the scaled yield spread produces a coefficient of one only if risk premia on bonds are constant. A similar argument shows that
Thus a regression of changes in future short-term rates on the yield spread only produces a coefficient of one if risk premia are constant. In this model, risk premia are not constant. During recessions, the volatility of investor's marginal utility rises, as shown in (9). In Campbell and Cochrane (1999) , this mechanism produces a time-varying risk premium on the aggregate market. Here, the same mechanism produces time-varying risk premia on bonds, provided, of course, that bonds are risky assets in the first place. The empirical work in Section 2, combined with the model in Section 1 shows why this is the case.
Conclusion
This paper offers an explanation for term structure anomalies based on the preferences of a representative agent. By generalizing a model already known to fit stylized facts about the aggregate stock market, that of Campbell and Cochrane (1999) , this paper is able to parsimoniously model both bond and stock returns.
Relative to the model of Campbell and Cochrane (1999) , this model has two innovations. The first is a new preference parameter that controls how surplus consumption influences the riskfree rate. In economic terms, this parameter represents a tradeoff between the intertemporal substitution effect and the precautionary savings effect. For lack of evidence on this parameter, Campbell and Cochrane set it to be zero. This paper provides direct evidence that the intertemporal substitution effect dominates. High surplus consumption is shown to imply lower short-term interest rates in post-war quarterly data. That is, long-run past consumption growth is shown to predict the interest rate with a negative sign. This finding is interesting both in the context of the habit formation model and more broadly. In principle it has implications for any model that speaks to the relationship between consumption growth and the riskfree rate.
The second innovation is to introduce a predictable component into consumption growth. Within the context of this model, the consequences for the aggregate market are slight. However, even a small amount of predictability has large implications for bond returns. Interestingly, predictable consumption growth produces lower risk premia on bonds, and less predictability in bond returns than otherwise. For the parameters estimated from the data, bonds provide a hedge against changes in the mean of consumption growth.
Although the model is fitted to consumption and Treasury Bill data, it is able to replicate empirical findings on long-term bonds. In particular, the model is able to reproduce both the sign and the magnitude of Campbell-Shiller short-rate and long-rate regressions. That is, yield spreads predict changes in future short-term rates with a positive sign and a coefficient well below one. Yield spreads predict changes in long-term yields with a negative sign. The coefficient decreases with the maturity. In addition, the model produces positive risk premia on bonds and an upward-sloping yield curve. The model offers an economic explanation for these term structure anomalies. The riskfree rate depends on surplus consumption with a negative sign. This implies that the short-term rate rises and bond prices fall after periods of unusually low consumption growth. Thus, bonds carry risk premia because their prices decline during "recessions". Furthermore, the risk aversion of the representative agent varies through time. Thus, risk premia on bonds vary. This implies that the expectations hypothesis is violated in simulated data. This paper has taken the approach of fitting the model to consumption and short-rate data, and testing the implications for long-term bonds and stocks. A natural extension would be to fit the model to long-term bonds and stocks, and to determine the implications for the riskfree rate and aggregate consumption. This approach would mirror that of the reduced-form term structure literature, with the important modification that this model implies additional testable restrictions on consumption growth. Furthermore, the model can easily accommodate additional factors, such as a process for inflation, or a more complicated endowment process. Thus the model has the potential to unify stock and bond pricing, and to connect them both to underlying macroeconomic behavior.
A Maximum likelihood estimation of (1) This section describes the results of estimating the process for consumption (1) from consumption data alone, using the method of maximum likelihood. The following proposition gives the exact likelihood function: 
The proof is given at the end of Appendix A. The form of the likelihood function implies that (1) cannot be identified by consumption data alone. The parameters g and φ can be estimated using maximum likelihood, but ρ, σ u , and σ v can only be identified in the combinations ρσ u σ v −ψσ 0.14 AR(1) process assumed by Mehra and Prescott (1985) . Further setting ψ = 0 results in the random walk model of consumption assumed by Campbell and Cochrane (1999) . Table 9 describes the results of maximum likelihood estimation of system (1). So that the parameter values can be compared to those in Section ?, ρ is set equal to 0.35, and the consumption data is from 1957-1998. The first four entries are estimates of the parameters, with asymptotic standard errors in parentheses. The second panel of Table 9 reports likelihood ratio statistics for tests of (1) against the AR(1) model and the random walk model. The AR(1) model, which implies one restriction, is rejected below the 2% level. The random walk model, which implies two restrictions, is rejected below the 0.1% level. Clearly the predictability in consumption growth is statistically significant. Moreover, the predictability does not solely result from the first lag of consumption growth.
The next question to ask is whether the amount of predictability is economically significant. The best forecast for ∆c t+1 based on past consumption data iŝ z t = (1 − ψ)g + ψ∆c t + ρσ u σ v − ψσ 2 v σ 2 t−1 (∆c t −ẑ t−1 ). Table 9 reports that variation inẑ can explain 14% of the variation in total consumption growth. The predictability in consumption growth is both statistically and economically B. Deriving the sensitivity function λ(s t )
The sensitivity function λ(s t ) is reverse-engineered to produce a riskfree rate that is linear in s t , as in (7). Setting this equation equal to the expression (6) produces the following general form for λ.
λ(s t ) = √ 2 γσ − ln δ + γg + γ(1 − φ)(s − s t ) − b(s t −s) −r
Campbell and Cochrane (1999) further impose the conditions
They show that these conditions are equivalent to requiring that for s t ≈s, x t is approximately a deterministic function of past consumption. Their reasoning still holds in this model, along as z t is near g. Equations (33) - (35) lead to the expressions forr f andS that are given in the text.
C. Solving for Prices
Bonds and stocks can be put into a more general pricing framework by thinking of them as levered claims to consumption C θ t . Bonds correspond to the case where θ = 0, while stocks correspond to the case of θ = 1. From the investor's Euler equation, it follows that prices obey the recursion
with boundary condition P 0 t
By way of induction, suppose that P n−1 t+1
= A(n − 1) exp {B(n − 1)(z t+1 − g)} F (s t+1 , n − 1) Applying (36) and moving constants outside the expectation, it follows that P n t C θ t = A(n − 1)δ exp {(θ − γ)z t + B(n − 1)ψ(z t − g)} × E t exp {(θ − γ)v t+1 + B(n − 1)u t+1 } S t+1 S t −γ F (s t+1 , n − 1) .
By conditioning on v t+1 and using the law of iterated expectations, u t+1 may be integrated out of the expectation. It follows from the joint distribution of u t+1 and v t+1 that
Comparing (39) with (11) implies that
and B(n) = (θ − γ) + ψB(n − 1)
A(n) = δA(n − 1) exp (θ − γ)g + σ 2 u 2 (1 − ρ 2 )B(n − 1) 2 .
The expressions for A and B are obtained by solving these equations backwards, starting from A(0) = 1 and B(0) = 0.
